This paper derives a new symmetry operator S that commutes with a normalized form of the wave operator in a Kerr background. Differently to previously known symmetry operators for the wave operator, S contains only a partial time derivative of the first order, but not of higher order. The key for the proof of commutation is an abstract lemma that might also be applicable to other separable wave equations. As a consequence, in formulations of the initial value problem for the wave equation in terms of first-order systems of PDE and related formulations, S leads on a operator that formally commutes with the infinitesimal generator of time evolution and therefore is a candidate for the generator of a strongly continuous semigroup or group of symmetries. Finally, a new conservation law is derived for the scalar field in the gravitational field of a Kerr black hole that is associated with a Killing tensor of that spacetime.
Introduction
In a remarkable paper, Carter discovered that the Hamilton-Jacobi equation is completely separable for the Kerr spacetime (M, g) [14] . This result was quite unexpected since (M, g) admits only a two-parameter group of isometries which by Noether's theorem leads to two independent conserved quantities.
The complete separability of the equation pointed to the existence of another less obvious 'symmetry' of (M, g). Indeed, this property could be traced back to the existence of a Killing tensor field K which is not induced by the group of isometries of (M, g) [52] . It turned out that, together with the existence of two linearly independent Killing vector fields and the existence of a further Killing-Yano tensor field, this fact implies also the complete separability of the equations for spin 0, 1/2, 1 and 2 fields for Kerr spacetime [16, [33] [34] [35] . On the other hand, all these equations have been separated before without reference to that tensor field which might be the reason that some consequences of the additional symmetry property of (M, g) are apparently not generally known [14, [17] [18] [19] .
Such a consequence is that there are also symmetry operators associated with K 1 which commute with the differential operators defining those field equations [15, 16, 33, 34, 43] . For instance in the case of scalar fields, with respect to a local chart x = (x 0 , . . . , 
It commutes with the wave operator
i.e., 0 = [ , ]u := u − u for all u ∈ C 4 (Gx, C), where | | denotes the determinant function. This has been proved by Carter in [15] . Corollary 2 below gives an independent proof of this fact.
As a consequence, it follows by Noether's theorem the existence of constants of motion that are associated with classical solutions of the field equations of sufficiently high order of differentiability. Considering the importance of constants of motion in the analysis of physical systems, these quantities could play an important role in the stability discussion of fields on a Kerr background, where they have not been explicitly used so far [1-4, 12, 20, 22, 26-28, 31, 35, 38, 39, 41, 42, 46, 51, 50, 53, 56] . Such potential importance is also suggested by the fact that in the description of classical point particles the constant of motion
which is associated with K given by (5) , is strictly positive on non-trivial light-like and timelike geodesics c wereċ denotes the tangent vector field along c. This is different from the constant of motion ('energy') corresponding to a time-like Killing vector field of (M, g) that can also assume negative values. The same is also true for scalar fields which considerably complicates their stability discussion in a Kerr background. It might be possible to simplify the last problem by taking into account the additional symmetry property of (M, g). For these reasons, in this paper, we derive the constant of motion which is associated with K for the case of the Klein-Gordon field in a Kerr background using Boyer-Lindquist coordinates. The derivation is an application of a more general discussion of Noether's theorem for PDEs that does not invoke a variational principle. That approach is essentially hidden in [15] and is briefly sketched in the appendix.
A drawback of the known symmetry operators that are associated with K is that their leading order time derivative is of the same or higher order than that of the field equations [16, [33] [34] [35] . This is different from the symmetry operators induced by Killing vector fields and presents an obstacle for their use in a rigorous functional analytic treatment of fields in a Kerr background. In such a setting 3 , the field equation is reformulated as a differential equation of the form u (t) = −Gu(t) 1 We call an operator a symmetry operator (for the solutions of) a field equation if it induces a map between classical solution spaces containing solutions with components belonging to a C k -class for some k ∈ N * . 2 In the following, Einstein's summation convention is adopted whereby a repeated index implies summation over all values of that index. In particular, Latin indices run from 0 to 3. For every a ∈ {0, . . . , 3}, ∂ a : C 1 (Gx, C) → C(Gx, C) is the partial derivative operator in the x a -th coordinate direction. We always assume composition of maps (which includes addition, multiplication, etc) to be maximally defined. 3 For instance, see [6, 11, 21, 23-25, 30, 32, 36, 40, 47, 49, 54] .
for all t ∈ R. Here u is a map from the real numbers into a Banach ('state'-) space X, denotes the ordinary derivative of X-valued maps and G is a densely-defined, linear operator in X generating time evolution. See [4] for the details in the case of the Klein-Gordon equation in the background of a Kerr black hole.
In such a context, it would be desirable that a symmetry operator would 'commute' in the following sense with G. It should lead on an intertwining operator 4 S, i.e., a densely-defined linear operator that intertwines between the operators of the group of time evolution generated by A [6, 37] . Only a symmetry operator whose leading order time derivative is of smaller order than that of the field equation leads in a simple way to a candidate for the restriction of an intertwining operator to a dense domain in X.
In this paper, it will be shown that such a symmetry operator S indeed exists for the wave equation on a Kerr background in a normalized form. In Boyer-Lindquist coordinates, that form is obtained from the original geometric form by multiplication with the reciprocal of the coefficient of the leading order time derivative. Indeed, it is the last form which is usually the starting point for the reformulation of the wave equation in a functional analytic setting [4] . As a consequence, differently to other known symmetry operators connected to K, that symmetry operator leads on a operatorŜ which is defined on dense domain of X, where it commutes with the infinitesimal generator of time evolution G given in [4] . HenceŜ satisfies the most basic requirement for an intertwining operator. It is a candidate for the infinitesimal generator of a strongly continuous group or semigroup of transformations ('symmetries') on the data space X that are compatible with the time evolution.
Constants of motion for the solutions of the Klein-Gordon equation in a Kerr background
In Boyer-Lindquist coordinates 5 (t, r, θ, ϕ) : → R 4 , the Kerr metric g is given by [7] 
where M is the mass, a ∈ [0, M] is the rotational parameter,
As a reminder on the Kerr geometry, we give the following basic facts. The coordinate vector field ∂/∂r becomes singular on the event horizon of Kerr spacetime given by r = r + . The coordinate vector field ∂/∂t is null on the ergosphere given by r = M + M 2 − a 2 cos 2 θ, it is space-like inside and time-like outside of the ergosphere. In the following, we consider only solutions of the Klein-Gordon equation of the form u(t, r, θ, ϕ) =ū(t, r, θ ) e imϕ for (t, r, θ, ϕ) ∈ , where m ∈ Z. The reduced wave operator m , corresponding to by the replacement of ∂ ϕ through multiplication by the constant function of value im, is given by 
A Killing tensor K of the Kerr metric is given by
Hence it follows by (1) that the reduced operator m , corresponding to by the replacement of ∂ ϕ through multiplication by the constant function of value im, is given by
Note that this operator reduces in the special case of the Schwarzschild metric (a = 0) to
The eigenfunctions of the Sturm-Liouville operator that is induced by the last operator are used in the standard reduction of the wave equation in the gravitational field of a Schwarzschild black hole to a sequence of decoupled wave equations in one space and one time dimension. A hyperbolic symmetry operator used later on is given by
In the following, m and m are assumed to have C 2 ( r , C) as their domains, where
. Subsequently, we employ the approach to Noether's theorem from section 5.1 in appendix A, where (g ab ) a,b∈{0,1,2,3} is the inverse of the matrix of metric coefficients (g ab ) a,b∈{0,1,2,3} of (3) and
After some calculation, it follows that the constant of motion corresponding to is given
where for simplicityū ∈ C 2 ( r , C) is assumed as a solution of (4) such that u(t, ·) has a compact support contained in
Since constants of motion can be combined into other such constants, we give also those corresponding to the Killing vector fields ∂ t and ∂ ϕ , i.e., the energy E(u) and the z-component of the angular momentum L z (u). In this again, for simplicity, it is assumed thatū ∈ C 2 ( r , C) is a solution of (4) such that u(t, ·) has a compact support contained in rs for every t from some open interval of R
Mar |ū| 2 dr dθ.
A new symmetry operator for the solutions of the wave equation in the background of Kerr black hole
The fact that m and m commute is a consequence of a more general geometric result in [15] . Since the commuting of two second-order partial differential operators with variable coefficients is such a rare result, it is tempting to assume that this is due to a special structure of m . Indeed, it can be seen that that result can also be concluded by the help of the following abstract lemma.
Proof. Following [33] , we define for every n ∈ Z the linear operators
for every v ∈ C 2 ( r , C). As a consequence, it follows that
for all v ∈ C 2 ( r , C) and, finally, by lemma 1 the validity of (7).
Lemma 1 will also be the key in the proof that the new symmetry operator derived below commutes with a normalized form of m . It might be expected that this lemma is also of use in the case of other separable wave equations. For the derivation of that operator, we proceed as follows. Formally, the 'removal' of the highest order time derivative from m can be achieved as follows. For this, letū be a solution of
The last equation can be solved for the second-order time derivative ofū. By substitution of that derivative into the expression mū , there is obtained a partial operator S satisfying mū = Sū with a leading order time derivative which is of the first order. That operator has an obvious extension to C 2 ( r , C) which we denote by the same symbol S. It is given by
for every u ∈ C 2 ( r , C). By construction, S is a symmetry operator for the solutions of (9) since it maps C 4 -solutions of (9) into C 2 -solutions. On the other hand, it is not difficult to see that S does not commute with m . The commutator is given in (B.1) in the appendix. Somewhat surprisingly, it turns out that S commutes with the operator 
Proof. It follows from (8) that
for every v ∈ C 2 ( r , C). Further, by a straightforward calculation, it follows that
and hence that
for every v ∈ C 2 ( r , C). Finally, it follows by application of lemma 1 that
Note that the constants of motion associated with a solutionū of the reduced wave equation (9) and the operators m , m , S are, apart from a sign, the same since
In [4] , it was proved the well-posedness of the initial value problem for the reduced KleinGordon in a Kerr background in the setting of strongly continuous semigroups of operators. The domain of the corresponding infinitesimal generator G was investigated and its resolvent given in terms of spheroidal functions. Further, the stability of the solutions was proved if the mass of the field exceeds a certain combination of the 'magnetic quantum number' m ∈ Z relative to the rotation axis, the mass and the rotational parameter of the black hole. For details, we refer to [4] . In particular for (u, v) ∈ C 2 0 ( rs , C) × C 0 ( rs , C)
where
It is not difficult to see that in this setting, S induces the operatorŜ defined bŷ
for all u, v ∈ C 2 0 ( rs , C), where
Then the following holds.
Proof. First, it follows from theorem 3 that
for all w 1 ∈ C 2 0 ( rs , C) and w 2 ∈ C 4 0 ( rs , C). Further, it followŝ
and hence by (13) the validity of (12).
Discussion and open problems
The results open up a number of interesting new questions for future research. The physical meaning of the new conserved current and the corresponding constant of motion are important open problems. The Schwarzschild limit suggests a connection of the new constant of motion to a generalization of a square of an angular momentum of the field in the case of the Schwarzschild metric.
It would be interesting to know whether and, if applicable, when, the new constant of motion K(u) (6) (or some combination with the other constants of motion) has a definite sign like its classical counterpart (2) . For instance, a definite sign of K(u) in the case of a vanishing mass of the field would open up the road to a simpler and independent proof of the stability of the solutions of the wave equation in a Kerr background [26] . In addition, it could lead to a sharper estimate on a possible onset of instability in the case of a non-vanishing mass of the field [1, 2, 4, 12, 20, 22, 28, 38, 39, 56] .
Connected to the new symmetry operator S (10) are technical questions whether the closure of the induced operatorŜ is an intertwining operator and/or is the infinitesimal generator of a strongly continuous group or semigroup. Also, with the help of the new symmetry operator S, it should be possible to further reduce the wave equation (9), in a suitable sense, to an equation in 'one space and one time dimension'. For this, a deeper study of the properties of S is necessary. In addition, it would be interesting to explore whether there can be made a connection of the results here to those of [53] . Finally, the question remains of whether such a symmetry operator can also be found for a non-vanishing mass of the scalar field.
It is to be expected that the results of the paper can be generalized to the Dirac, Maxwell and the linearized Einstein's field equation around the Kerr metric. If that turns out be the case, it would be interesting to investigate their potential for finding a generalization of the Regge-Wheeler-Zerilli-Moncrief decomposition of fields on a Schwarzschild background to fields on a Kerr background [19, 44, 46, 48, 50, 55] .
For solutions u, v of (A.1), a corresponding conservation law can be derived. First 
. .} maps C ksolutions of (A.1) into C 2 -solutions of (A.1), then it follows the constraint 1
for every C k -solution u of (A.1). As a short example, we consider the special case of a wave equation in flat spacetime
where V ∈ C( , R) is such that
u is assumed as real-valued and denotes the Laplace operator. If u is a C 3 -solution of (A.2), then 
Appendix B. The commutator of the wave operator and S
For completeness, we give the commutator of the wave operator and the new symmetry operator S. It has been derived in parts by analytical calculations and use of Maple. In particular, it has been verified with the help of Maple. On the other hand, the result is not used in the paper. Therefore, a rigorous proof did not seem necessary.
[ , S]u = (C 1 + C 2 ∂ r + C 3 ∂ θ ) u, (B 
